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Regularization of some perturbed integral operators

Galina Vornicescu

Abstract. The paper presents some generalizations and specifications of the
paper [1]. In particular, examples of integral operators with point-like singu-
larities are constructed, which do not represent admissible disturbances for the
characteristic singular integral operators. This means that the built operators
can influence the noetherian conditions of the singular operators.
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Regularizarea unor operatori integrali perturbat, i
Rezumat. În lucrare sunt prezintate anumite generalizări s, i precizări ale lu-
crării [1]. În particular, în ea se construesc exemple de operatori integrali cu
singularităt,i punctiforme care nu reprezintă perturbări admisibile pentru opera-
torii integrali singulari caracteristici. Aceasta înseamnă că operatorii construit,i
pot influent,a condit,iile noetheriene ale operatorilor singulari.
Cuvinte cheie: operatori singulari perturbat,i, condit,ii noetheriene.

1. Introduction

We remind that an operator 𝐴 ∈ 𝐿 (𝐵) admits regularization if there exist operators
𝑀1, 𝑀2 ∈ 𝐿 (𝐵) such that 𝐴𝑀1 = 𝐼 + 𝑇1 (left regularization) and 𝑀2𝐴 = 𝐼 + 𝑇2 (right
regularization), where 𝑇1 and 𝑇2 are compact operators in space B. The class of operators
admitting regularization is of particular interest, since the operators of this class have the
following properties (F. Noether’s theorems):

(1) The equation 𝐴𝑥 = 𝑦 is solvable if and only if its right-hand side is orthogonal
to all solutions of the equation 𝐴∗𝜑 = 0. This condition is equivalent to the
condition that the set of values of the operator 𝐴 is a subspace, or the equality

Im 𝐴 = ∩ 𝑓 ∈Ker 𝐴∗ Ker 𝑓

is true.
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(2) The equations 𝐴𝑥 = 0 and 𝐴∗𝜑 = 0 have a finite number of linearly independent
solutions.

Operators with these 2 properties are called Noetherian operators and represent es-
sential generalizations of the class of operators of the form 𝐼 + 𝑇 , where 𝑇 is a compact
operator for which the well-known Fredholm theorems hold. If conditions (1) and (2)
are satisfied, then the number dim Ker 𝐴 − dim Ker 𝐴∗ is called the index of a Noetherian
operator 𝐴 and is denoted by Ind 𝐴.

Let us denote by the 𝑁 (B) the set of all Noetherian operators acting in a Banach space
B and let H be a Hilbert space. It is well known that if an operator 𝐾 ∈ 𝐿 (H) and has
the property 𝐴 + 𝐾 ∈ 𝑁 (H) for every 𝐴 ∈ 𝑁 (H), then 𝐾 is completely continuous.

And what will be, if we require that the implication 𝐴 ∈ 𝑁 (H) implies "𝐴+𝐾 ∈ 𝑁 (H)
⇔ 𝐴 ∈ 𝑁 (H)", but say, for all singular integral Noetherian operators. Is 𝐾 necessarily
completely continuous in this case? It turns out that it is not necessary. Examples of such
operators can be found in [1], [3-5], and such examples are given in this paper.

2. Preliminaries

In the monographs of N.I. Muskhelishvili and F.D. Gakhov, an operator is called
complete singular integral operator if it has the form

(𝐴𝜑) (𝑡) = 𝑎 (𝑡) + 1
𝜋𝑖

∫
Γ

𝑘 (𝜏, 𝑡)
𝜏 − 𝑡 𝑑𝜏 (1)

where 𝑎(𝑡) and 𝑘 (𝜏, 𝑡) are functions satisfying the Hölder condition on Γ and Γ × Γ,
respectively, and the integral is understood in the sense of the principal value. The
operator 𝐴, defined by equality (1), can be represented in the form 𝐴 = 𝑎𝐼 + 𝑏𝑆+𝑇 , where
𝑏(𝑡) = 𝑘 (𝑡, 𝑡), and is the integral operator with kernel

𝑘0 (𝜏, 𝑡) = 𝜋𝑖
𝑘 (𝜏, 𝑡) − 𝑘 (𝑡, 𝑡)

𝜏 − 𝑡 . (2)

In the case when 𝑘 (𝜏, 𝑡) satisfies the Hölder condition on Γ × Γ, the kernel (2) has a
weak singularity; therefore, the operator 𝑇 is completely continuous in the space 𝐿𝑝 (Γ).
Due to this, the operator 𝐴 is Noetherian in the space 𝐿𝑝 (Γ), if and only if the operator

𝐴0 = 𝑎𝐼 + 𝑏𝑆

is Noetheran. Operator 𝐴0 is called the characteristic part of the operator 𝐴. In this
connection, Noether’s theory of singular operators was developed mainly for characteristic
operators. Significant successes have been achieved in this direction: there are obtained
criteria to be Noetherian for such operators with piecewise continuous coefficients, with
coefficients having discontinuities of almost periodic type, with arbitrary coefficients from
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𝐿∞(Γ). However, in many problems of mechanics, physics and other areas that lead to
singular equations, not characteristic operators appear, but complete ones. In this regard,
it becomes necessary to study the complete singular operators (1) with functions and
𝑘 (𝜏, 𝑡) not necessarily satisfying the Hölder condition. The main difficulty here is that the
operator 𝑇 with kernel (2) may turn out to be not completely continuous (not compact) or
(more importantly) ceases to be an Φ-admissible perturbation.

Let’s show this on an example. Let Γ0 be the unit circle, 𝜒 (𝑡) be the characteristic
function of the {Im 𝑡 > 0} ∩ Γ0; 𝑘 (𝜏, 𝑡) = 𝜒 (𝑡) − 𝜒 (𝜏) , 𝜆 ∈ C,

(𝐴𝜑) (𝑡) = 𝜆𝜑 (𝑡) + 1
𝜋𝑖

∫
Γ0

𝑘 (𝜏, 𝑡) 𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏.

In this example, 𝑘 (𝑡, 𝑡) = 0, therefore, the characteristic part of the operator 𝐴 is a
scalar operator (𝐴0𝜑) (𝑡) = 𝜆𝜑(𝑡). The operator 𝐴 in this example can be represented in
the form 𝐴 = 𝜆𝐼 + 𝜒𝑆−𝑆𝜒𝐼, whence it follows that it belongs to the algebra 𝐴𝑝, generated
by singular integral operators with piecewise continuous coefficients. It was shown in [2]
that on the algebra 𝐴𝑝 one can introduce the symbol

(
𝛾𝑡 ,𝜇

)
((𝑡, 𝜇) ∈ Γ0 × [0, 1]), which

on the generators of 𝑆 and 𝑎𝐼 takes the form

𝛾𝑡 ,𝜇 (𝑎𝐼) =





 𝑎 (𝑡+0) 𝑓𝑝 (𝜇)+𝑎 (𝑡−0) (1− 𝑓𝑝 (𝜇)) (𝑎 (𝑡+0)−𝑎 (𝑡−0))ℎ𝑝 (𝜇)

(𝑎 (𝑡+0)−𝑎 (𝑡−0))ℎ𝑝 (𝜇) 𝑎 (𝑡+0) (1− 𝑓𝑝 (𝜇))+𝑎 (𝑡−0) 𝑓𝑝 (𝜇)






 (3)

where

𝑓𝑝 (𝜇) =


sin 𝜃𝜇
sin 𝜃

𝑒𝑖 𝜃 (𝜇−1) ,

(
𝜃 =

𝜋 (𝑝 − 2)
2

)
, for 𝑝 ≠ 2,

𝜇, for 𝑝 = 2
(4)

and ℎ𝑝 (𝜇) is some fixed continuous branch of the function
√︃
𝑓𝑝 (𝜇)

(
1 − 𝑓𝑝 (𝜇)

)
.

In particular, for the operator 𝐴 = 𝜆𝐼 + 𝜒𝑆−𝑆𝜒𝐼 with 𝑝 = 2 we have: det 𝛾𝑡 ,𝜇 (𝐴) = 𝜆2

for 𝑡 ≠ ±1 and det 𝛾𝑡 ,𝜇 (𝐴) = 𝜆2 + 4𝜇 (1 − 𝜇) for 𝑡 = ±1. An operator 𝐴 is Noetherian in
𝐿2(Γ) if and only if 𝜆𝑏2 + 4𝜇(1 − 𝜇) ≠ 0 for all 𝜇 ∈ [0, 1]. This is equivalent to 𝜆 ≠ 𝑡𝑖,
where 𝑡 ∈ [−1, 1].

Thus, for 𝜆 = 𝜏𝑖, where 𝜏 ∈ [−1, 1] \ 0, the operator 𝐴 is not Noetherian, but its
characteristic part 𝐴0 is Noetherian. This implies that the operator 𝑀 = 𝐴 − 𝐴0 is not a
Φ-admissible perturbation of the characteristic part of the operator 𝐴. This also implies
that 𝑀 is not compact.

For this operator, we managed to obtain criteria for Noetherian property due to the fact
that we embedded it in the algebra 𝐴𝑝 (see [7]). You can do the same with some other
complete operators. This work will describe one class of such operators.
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In what follows, we will consider the perturbation of the characteristic operators by
operators of the following form

(𝐾𝜑) (𝑡) =
𝑚∑︁
𝑘=1

𝑐𝑘 (𝑡) (𝑀𝑘𝜑) (𝑡) (𝑐𝑘 ∈ 𝐿∞ (Γ)) , (5)

where
(𝑀𝑘𝜑) (𝑡) =

1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 − 𝛼𝑘

𝑑𝜏 (𝑡 ∈ Γ) (6)

and 𝛼𝑘 (≠ 0) are some complex numbers. First of all, note that if the function 𝜏 − 𝑡 − 𝛼𝑘

vanishes at some point (𝜏, 𝑡) ∈ Γ×Γ, then the corresponding operator 𝑀𝑘 is not compact.
This follows from the following theorem.

Theorem 2.1. Let Γ𝑘 = {𝑧 |𝑧 = 𝑡 − 𝛼𝑘 , 𝑡 ∈ Γ} If Γ ∪ Γ𝑘 ≠ ∅, the operator 𝑀𝑘 is not
compact in the space 𝐿𝑝 (Γ).

Proof. Suppose that the operator 𝑀𝑘 is compact in the space 𝐿𝑝 (Γ). Let 𝛾 = Γ ∪ Γ𝑘

and 𝑡0 be one of the intersection points of the contours Γ with Γ𝑘 . In the space 𝐿𝑝 (Γ)
consider the singular operator defined by the equality

𝐴 = 𝑎𝐼 + 𝑏𝑆𝛾 ,

where 𝑎(𝑡) and 𝑏(𝑡) are continuous at each point 𝑡 ∈ 𝛾 \ {𝑡0} and satisfy the conditions:

𝑎(𝑡 ± 0) ± 𝑏(𝑡 ± 0) ≠ 0,

((𝑎(𝑡0 − 0) + 𝑏(𝑡0 − 0)))/((𝑎(𝑡0 − 0) − 𝑏(𝑡0 − 0))) = 𝑖
and

((𝑎(𝑡0 + 0) + 𝑏(𝑡0 + 0)))/((𝑎(𝑡0 + 0) − 𝑏(𝑡0 + 0))) = 1.

Under these conditions, the operator 𝐴 is not Noetherian [2] in space 𝐿2(𝛾). Operator 𝑅,
acting by rule

(𝑅𝜑) (𝑡) = (𝜑 (𝑡) , 𝜑 (𝑡 − 𝛼𝑘)) , (𝑡 ∈ Γ) ,
is the reversible operator from 𝐿

(
𝐿2 (𝛾) , 𝐿2

2 (Γ)
)
. Let 𝜓 ∈ 𝐿𝑝 (Γ) and consider the

equation
𝐴𝜑 = 𝑎𝜑 + 𝑏𝑆𝛾𝜑 = 𝜓.

This equation can be rewritten as a system of two equations: in one equation 𝑡 ∈ Γ, and
in the second equation 𝑡 ∈ Γ𝑘 .

𝑎 (𝑡) 𝜑 (𝑡) + 𝑏 (𝑡)
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏 +

𝑏 (𝑡)
𝜋𝑖

∫
Γ𝑘

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏 = 𝜓 (𝑡) , 𝑡 ∈ Γ

𝑎 (𝑡) 𝜑 (𝑡) + 𝑏 (𝑡)
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏 +

𝑏 (𝑡)
𝜋𝑖

∫
Γ𝑘

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏 = 𝜓 (𝑡) , 𝑡 ∈ Γ𝑘

.
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In the integral
∫
Γ𝑘

𝜑 (𝜏)
𝜏−𝑡 𝑑𝜏 we change the variables 𝜏 → 𝜏−𝛼𝑘 and in the second equation

of the resulting system, replace 𝑡 by 𝑡 − 𝛼𝑘 . We get
𝑎1 (𝑡) 𝜑1 (𝑡) +

𝑏1 (𝑡)
𝜋𝑖

∫
Γ

𝜑1 (𝜏)
𝜏 − 𝑡 𝑑𝜏 +

𝑏1 (𝑡)
𝜋𝑖

∫
Γ

𝜑2 (𝜏)
𝜏 − 𝑡 − 𝛼𝑘

𝑑𝜏 = 𝜓1 (𝑡) , 𝑡 ∈ Γ

𝑎2 (𝑡) 𝜑2 (𝑡) +
𝑏2 (𝑡)
𝜋𝑖

∫
Γ

𝜑2 (𝜏)
𝜏 − 𝑡 𝑑𝜏 +

𝑏2 (𝑡)
𝜋𝑖

∫
Γ𝑘

𝜑1 (𝜏)
𝜏 − 𝑡 + 𝛼𝑘

𝑑𝜏 = 𝜓2 (𝑡) , 𝑡 ∈ Γ

where the notation 𝑓1(𝑡) = 𝑓 (𝑡), 𝑓2(𝑡) = 𝑓 (𝑡 − 𝛼𝑘) 𝑡 ∈ Γ is used. Thus, the operator
𝑅𝐴𝑅−1 has the form

𝑅𝐴𝑅−1 =






 𝑎1𝐼 + 𝑏1𝑆Γ 𝑏1𝑀𝑘

𝑏2𝑁𝑘 𝑎2𝐼 + 𝑏2𝑆Γ






 , (7)

where

(𝑆Γ𝜑) (𝑡) =
1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏, (𝑁Γ𝜑) (𝑡) =

1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 + 𝛼𝑘

𝑑𝜏, 𝑡 ∈ Γ.

As

𝜇
𝑎 𝑗 (𝑡 − 0) + 𝑏 𝑗 (𝑡 − 0)
𝑎 𝑗 (𝑡 − 0) − 𝑏 𝑗 (𝑡 − 0) + (1 − 𝜇)

𝑎 𝑗 (𝑡 + 0) + 𝑏 𝑗 (𝑡 + 0)
𝑎 𝑗 (𝑡 + 0) − 𝑏 𝑗 (𝑡 + 0) ≠ 0

(𝑡 ∈ Γ, 0 6 𝜇 6 1, 𝑗 = 1, 2) ,

then the operators 𝑎 𝑗 𝐼 + 𝑏 𝑗𝑆Γ ( 𝑗 = 1, 2) are Noetherian in the space 𝐿2(Γ). Then equality
(8) (taking into account the compactness of the operators 𝑀𝑘 and 𝑁𝑘) implies that the
operator 𝐴 is Noetherian in the space 𝐿2(Γ). The resulting contradiction proves that the
operator 𝑀𝑘 is not compact in the space 𝐿2(Γ). Since, in addition, the operator 𝑀𝑘 is
bounded in all spaces 𝐿𝑝 (Γ) (1 < 𝑝 < ∞), by virtue of M. Krasnoselsky’s theorem [6]
𝑀𝑘 is not compact in any space 𝐿𝑝 (Γ). �

3. Main result

In order to present the main results, we need to introduce some notation.
Let Γ𝑘 = {𝜁 : 𝜁 = 𝑡 − 𝛼𝑘 , 𝑡 ∈ Γ} and Γ̃𝑘 = {𝜁 : 𝜁 = 𝑡 + 𝛼𝑘 𝑡 ∈ Γ}. If the contour Γ𝑘 has

no points in common with Γ, then, obviously, the operator 𝑀𝑘 , defined by equality (6)
is completely continuous in the space 𝐿𝑝 (Γ) and does not affect the Noetherian character
of singular operators of the form 𝐴0 = 𝑎𝑃 + 𝑏𝑄 + 𝑇 (𝑃 = 1/2(𝐼 + 𝑆), 𝑄 = 1/2(𝐼 − 𝑆)).
In this connection, in what follows we will assume that the numbers 𝛼𝑘 (𝑘 = 1, . . . , 𝑚)
are such that Γ ∪ Γ𝑘 ≠ ∅. For the sake of simplicity, we will assume that Γ is the unit
circle: Γ = {𝑡 : |𝑡 | = 1}. We also note here that the results of the paper are valid for any
closed Lyapunov contour Γ, with the property that Γ and Γ𝑘 intersect at a finite number
of points.
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Let 𝑡 (1)
𝑘

, 𝑡 (2)
𝑘

be the intersection points of the contours Γ and Γ𝑘 (𝑘 = 1, . . . , 𝑚)
and 𝑡

(3)
𝑘

, 𝑡 (4)
𝑘

points of intersection of the contours Γ and Γ̃𝑘 : 𝑡
(3)
𝑘

= 𝑡
(1)
𝑘

+ 𝛼𝑘 and
𝑡
(4)
𝑘

= 𝑡
(2)
𝑘

+ 𝛼𝑘 . Let 𝑁𝑘 denotes the set of all functions from 𝐿∞(Γ), that are continuous
in some neighborhoods 𝑢(𝑡 ( 𝑗)

𝑘
) of points 𝑡 ( 𝑗)

𝑘
( 𝑗 = 1, 2, 3, 4). Let 𝑎 ∈ 𝑁𝑘 and 𝑢

( 𝑗)
𝑘

( 𝑗 = 1, 2, 3, 4) be some neighborhoods of points 𝑡 ( 𝑗)
𝑘

, in which the function 𝑎(𝑡) is
continuous. Put 𝛾𝑘 = ∪4

𝑗=1𝑢
( 𝑗)
𝑘

.

Theorem 3.1. Let 𝑎 ∈ 𝑁𝑘 , then there exists a function 𝑎𝑘 ∈ 𝑁𝑘 such that 𝑎𝑘 (𝑡) = 1 for
𝑡 ∈ Γ \ 𝛾𝑘 and the operator 𝑁 = 𝑀𝑘𝑎𝐼 − 𝑎𝑘𝑀𝑘 is completely continuous in 𝐿𝑝 (Γ).

We denote by 𝑙 (1)
𝑘

(𝑙 (1)
𝑘

) the part of the contour Γ, lying inside the region bounded
by the contour Γ𝑘 (= {𝜉 : 𝜉 = 𝑡 − 𝛼𝑘 , 𝑡 ∈ Γ}

(
Γ̃𝑘 (= {𝜁 : 𝜁 = 𝑡 + 𝛼𝑘 , 𝑡 ∈ Γ})

)
, and let

(𝑙 (2)
𝑘

= Γ \ 𝑙 (1)
𝑘

) (𝑙 (2)
𝑘

= Γ \ 𝑙 (1)
𝑘

).

Theorem 3.2. The following equalities hold

𝑀𝑘𝑆 = ℎ𝑘𝑀𝑘 , 𝑆𝑀𝑘 = 𝑀𝑘 ℎ̃𝑘 𝐼,

where

ℎ𝑘 (𝑡) =


1, for 𝑡 ∈ 𝑙 (1)
𝑘

−1, for 𝑡 ∈ 𝑙 (2)
𝑘

, ℎ̃𝑘 (𝑡) =


1, for 𝑡 ∈ 𝑙 (1)
𝑘

−1, for 𝑡 ∈ 𝑙 (2)
𝑘

.

Corollary 3.1. Theorem 2 implies the following equalities

𝑀𝑘𝑃 = 𝛿𝑘𝑀𝑘 , 𝑀𝑘𝑄 =
(
1 − 𝛿𝑘

)
𝑀𝑘 , 𝑃𝑀𝑘 = 𝑀𝑘𝛿𝑘 𝐼, 𝑄𝑀𝑘 = 𝑀𝑘

(
1 − 𝛿𝑘

)
𝐼, (8)

where 𝛿𝑘 =
1+ℎ𝑘

2 and 𝛿𝑘 =
1+ℎ̃𝑘

2 .

In what follows, we will assume that the numbers 𝛼𝑘 (𝑘 = 1, . . . , 𝑚) are such that
Γ 𝑗 ∪ Γ ∪ Γ̃𝑘 = ∅ ( 𝑗 , 𝑘 = 1, . . . , 𝑚).

Theorem 3.3. Let 𝑎 ∈ 𝐿∞(Γ), then the operators 𝑀 𝑗𝑎𝑀𝑘 ( 𝑗 , 𝑘 = 1, . . . , 𝑚) are com-
pletely continuous in the space 𝐿𝑝 (Γ). If 𝑎, 𝑏 ∈ 𝑁𝑘 , then the following operators are also
completely continuous:

𝑃𝑎𝑄𝑏𝑀𝑘 , 𝑄𝑎𝑃𝑏𝑀𝑘 , 𝑀𝑘𝑎𝑃𝑏𝑄, 𝑀𝑘𝑎𝑄𝑏𝑃, 𝑃𝑎𝑀𝑘𝑏𝑄, 𝑄𝑎𝑀𝑘𝑏𝑃.

Theorem 3.4 (Main). Let 𝑎, 𝑏 ∈ ∪1≤𝑘≤𝑚𝑁𝑘 and 𝑐𝑘 ∈ 𝐿∞(Γ). In order for the operator

𝐴 = 𝑎𝑃Γ + 𝑏𝑄Γ +
𝑚∑︁
𝑘=1

𝑐𝑘𝑀𝑘 (9)

to admit regularization in the space 𝐿𝑝 (Γ) it is necessary and sufficient that regularization
was allowed by the operator

𝐴0 = 𝑎𝑃 + 𝑏𝑄. (10)
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If the operator 𝐴0 admits regularization, then

Ind 𝐴 = Ind 𝐴0. (11)

The proof of this theorem uses the following lemma.

Lemma 3.1. The operator 𝐻 = 𝐼 +
𝑚∑
𝑘=1

𝑐𝑘𝑀𝑘 admits regularization in the space 𝐿𝑝 (Γ)
and its index is zero.

Example 3.1. Let 𝛼1 = 2 and 𝛼2 = −2. In this case Γ̃1 = Γ2, Γ̃2 = Γ1, Γ1∪Γ∪ Γ̃2 = {−1}
and

(𝑀1𝜑) (𝑡) =
1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 − 2

𝑑𝜏, (𝑀2𝜑) (𝑡) =
1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 + 2

𝑑𝜏.

We denote by 𝐾 the operator 𝐾 = 𝑀1 + 𝑀2 and by 𝑁 the set of piecewise continuous
functions on Γ and continuous at the points 𝜏 = ±1.

Theorem 3.5. Let 𝑎, 𝑏 ∈ 𝑁 . For the operator 𝐴 = 𝑎𝐼 + 𝑏𝑆 + 𝐾 to be Noetherian in the
space 𝐿𝑝 (Γ), it is necessary and sufficient that the operator 𝐴0 = 𝑎𝐼 + 𝑏𝑆 to have the
same property. If operator 𝐴0 is Noetherian, then Ind 𝐴 = Ind 𝐴0.

The proof of this theorem is based on a number of properties of the operator 𝐾 , which
we establish in the following lemmas.

Lemma 3.2. For every function ℎ ∈ 𝑁 there is a function ℎ̃ ∈ 𝑁 such that the operator
𝐾ℎ − ℎ̃𝐾 is compact in 𝐿𝑝 (Γ). Moreover, if ℎ(𝑡 ± 0) ≠ 0 (𝑡 ∈ Γ), then ℎ̃(𝑡 ± 0) ≠ 0 too.

This statement is easily deduced from [5].

Lemma 3.3. The following relations are valid:

𝑆𝐾 = 𝐾, 𝐾𝑆 = −𝐾, 𝐾2 = 0. (12)

Proof. Let 𝜑 (𝑡) =
𝑛∑

𝑘=−𝑛
𝑎𝑘 𝑡

𝑘 be a trigonometric polynomial, 𝜑+ (𝑡) =
𝑛∑

𝑘=0
𝑎𝑘 𝑡

𝑘 and

𝜑− (𝑡) =
−1∑

𝑘=−𝑛
𝑎𝑘 𝑡

𝑘 . Then (𝑆𝜑) (𝑡) = 𝜑+ (𝑡) − 𝜑− (𝑡) and for each point 𝑡 ∈ Γ \ {−1, 1} the

equality

(𝐾𝜑) (𝑡) = −2
−1∑︁

𝑘=−𝑛
𝑎𝑘

[
(𝑡 + 2)𝑘 + (𝑡 − 2)𝑘

]
is true.
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It is easy to show that 𝑆𝐾𝜑 = 𝐾𝜑 and since the set of trigonometric polynomials is
dense in the space 𝐿𝑝 (Γ), then 𝑆𝐾 = 𝐾 . Further we have

𝐾𝑆𝜑 = 𝐾 (𝜑+ − 𝜑−) = 2
−1∑︁

𝑘=−𝑛
𝑎𝑘

[
(𝑡 + 2)𝑘 + (𝑡 − 2)𝑘

]
= −𝐾𝜑.

So 𝐾𝑆 = −𝐾 . The last relation from (12) easily follows from the first two lemmas. �

Note also that the statement of Lemma 1 holds for operators of the form 𝐹 = 𝐼 + 𝑓 𝐾

( 𝑓 ∈ 𝑁).

Lemma 3.4. The operator 𝐹 = 𝐼 + 𝑓 𝐾 is Noetherian and Ind 𝐹 = 0.

Proof of the theorem 3.5. If the operator 𝐴0 = 𝑎𝐼 + 𝑏𝑆 is Noetherian in 𝐿𝑝 (Γ), then
(see [2]) the conditions 𝑎(𝑡 ±0) + 𝑏(𝑡 ±0) ≠ 0 and 𝑎(𝑡 ±0) − 𝑏(𝑡 ±0) ≠ 0 (𝑡 ∈ Γ) are true.

Let 𝑓 denote the function 𝑓 = 1/(𝑎 + 𝑏) (∈ 𝑁). Based on Lemmas 3.2 and 3.3, we see
that the operator 𝐴 can be represented in the form

𝐴 = 𝐴0(𝐼 + 𝑓 𝐾) + 𝑇,

where𝑇 is a compact operator. By Lemma 3.4, the operator 𝐹 = 𝐼 + 𝑓 𝐾 is Noetherian and
Ind 𝐹 = 0. Therefore, operator 𝐴 is also Noetherian and Ind 𝐴 = Ind 𝐴0. The sufficiency
has been proven.

Let us prove the necessity of the conditions of the theorem. Suppose that the operator
𝐴 = 𝑎𝐼 + 𝑏𝑆 + 𝐾 is Noetherian, and the operator 𝐴0 = 𝑎𝐼 + 𝑏𝑆 is not Noetherian.

Let 𝜀 be a positive number such that all operators 𝐴′, satisfying the condition ‖𝐴 − 𝐴′‖ <
𝜀, are Noetherian and Ind 𝐴′ = Ind 𝐴. Just as in [3], we can construct two Noetherian
operators 𝐵 𝑗 = 𝑎 𝑗 𝐼 + 𝑏 𝑗𝑆 ( 𝑗 = 1, 2), such that ‖𝐴0 − 𝐵 𝑗 ‖ < 𝜀 and Ind 𝐵1 ≠ Ind 𝐵2.
By virtue of what was proved above, the operators 𝐴 𝑗 = 𝑎 𝑗 𝐼 + 𝑏 𝑗𝑆 + 𝐾 ( 𝑗 = 1, 2) are
Noetherian and Ind 𝐴 𝑗 = Ind 𝐵 𝑗 . Therefore, Ind 𝐴1 ≠ Ind 𝐴2. And since ‖𝐴 − 𝐴 𝑗 ‖ < 𝜀
( 𝑗 = 1, 2), then Ind 𝐴1 = Ind 𝐴2. The resulting contradiction proves that the operator 𝐴0

is Noetherian. �
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